We study the strong gravitational lensing in the background of a rotating non-Kerr compact object with a deformed parameter ǫ and an unbound rotation parameter a. We find that the marginally circular stable orbit radius and the deflection angle depend sharply on the parameters ǫ and a. For the case in which the black hole is more prolate than a Kerr black hole, the marginally circular photon orbit exists only in the regime ǫ ≤ ǫmax for a prograde photon. The upper limit ǫmax is a function of the rotation parameter a. As ǫ > ǫmax, the deflection angle of the light ray very close to the naked singularity is a positive finite value, which is different from that in the rotating naked singularity described by Janis-Newman-Winicour metric. For the oblate black hole and the retrograde photon, there does not exist such a threshold value. Modeling the supermassive central object of the Galaxy as a rotating non-Kerr compact object, we estimated the numerical values of the coefficients and observables for gravitational lensing in the strong field limit.
I. INTRODUCTION
The no-hair theorem [1] tells us that a neutral rotating black hole in asymptotically flat and matter-free spacetime is described completely by the Kerr metric with only two parameters, the mass M and the rotation parameter a, which means that all astrophysical black holes in our Universe should be Kerr black holes. Since the current observational data show that there is still lacking a definite proof for the existence of black holes in our Universe, several potential methods have been proposed to test the no-hair theorem by making use of observations including gravitational waves from extreme mass-ratio inspirals [2] [3] [4] [5] and the electromagnetic spectrum emitted by the accreting disk around black holes [6, 7] , and so on. These techniques are based on spacetimes which deviate from the Kerr metric by one or more parameters [4, 5, 8, 9] . Only if all these deviations are measured to be zero, can we ascertain that the compact object is a Kerr black hole.
Motivated by examining the no-hair theorem, Johannsen and Psaltis [10] applied recently the Newman-Janis transformation [11] and constructed a Kerr-like black hole metric with a deformed parameter ǫ, which measures potential deviations from the Kerr geometry. This rotating black hole possesses some striking properties. For example, there are no restrictions on the values of the rotation parameter a and the deformation parameter ǫ, which means that it is possible that the rotation parameter is larger than the mass of the black hole in this spacetime. Moreover, the radius of horizon of the rotating non-Kerr black hole depends on the Boyer-Lindquist polar angular coordinate θ, and the spacetime is free of closed timelike curves outside of the outer horizon [10] .
Especially, as the deformation parameter ǫ > 0, the black hole possesses two disconnected spherical horizons for a high rotation parameter and has no horizon for a > M . When ǫ < 0, the horizon always exists for the arbitrary a, but the topology of the horizon becomes toroidal [12, 13] . The asymptotic behaviors of such a black hole in the weak field approximation are the same as those of the usual Kerr black hole in general relativity [10] . These special properties have attracted recently a great interest in the study of the rotating non-Kerr black hole [10, [12] [13] [14] [15] [16] [17] .
Gravitational lensing is such a phenomenon resulting from the deflection of light rays in a gravitational field. Like a natural and large telescope, gravitational lensing can help us extract the information about the distant stars which are too dim to be observed. The strong gravitational lensing is caused by a compact object with a photon sphere. When the photons pass close to the photon sphere, the deflection angles become so large that an observer would detect two infinite sets of faint relativistic images on each side of the black hole, which are produced by photons that make complete loops around the black hole before reaching the observer.
These relativistic images can provide us not only some important signatures about black holes in the Universe, but also profound verification of alternative theories of gravity in their strong field regime [18] [19] [20] [21] [22] [23] [24] . Thus, the strong gravitational lensing is regarded as a powerful indicator of the physical nature of the central celestial objects and then has been studied extensively in various theories of gravity [18, [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] .
The main purpose of this paper is to study the strong gravitational lensing by a rotating non-Kerr compact object and to see whether it can leave us the signature of the deformation parameter in the deflection angle, the coefficients, and the observables for gravitational lensing in the strong field limit. Moreover, we will explore how it differs from the Kerr black hole lensing.
The paper is organized as follows: In the following section, we will review briefly the rotating no-Kerr black hole metric proposed by Johannsen and Psaltis [10] to test the no-hair theorem in the strong field regime, and then study the deflection angles for light rays propagating in this background. In Sec.III, we study the physical properties of the strong gravitational lensing by the rotating non-Kerr compact object and probe the effects of the deformation parameter on the marginally circular photon orbit radius, the deflection angle, the coefficients, and the observables for gravitational lensing in the strong field limit. We end the paper with a summary.
II. ROTATING NON-KERR BLACK HOLE SPACETIME AND THE DEFLECTION ANGLES FOR LIGHT RAYS
Let us now first review briefly the rotating no-Kerr black hole metric, which was proposed by Johannsen and Psaltis [10] to test gravity in the strong field regime. Beginning with a deformed Schwarzschild solution and applying the Newman-Janis transformation, they constructed a deformed Kerr-like metric with three parameters: the mass M , the rotation parameter a, and the deformation parameter ǫ. It is a stationary, axisymmetric, and asymptotically flat spacetime. The line elements of the rotating no-Kerr black hole in the standard Boyer-Lindquist coordinates can be expressed as [10] 
where
with
The deformed parameter ǫ > 0 or ǫ < 0 corresponds to the cases in which the compact object is more prolate or oblate than a Kerr black hole, respectively. As ǫ = 0, the black hole is reduced to the usual Kerr black hole in general relativity. The position of the black hole horizon is defined by [12, 13] ∆ + a 2 h sin 2 θ = 0.
It is obvious that the radius of horizon is a function of the Boyer-Lindquist polar angle θ, which is quite a different from that in the usual Kerr case. For the case ǫ > 0, one can find that there exist two disconnected spherical horizons for high spin parameters, but there is no horizon for a > M . However, for ǫ < 0, it is shown that the horizon never disappears for the arbitrary a and the shape of the horizon becomes toroidal [12, 13] .
Moreover, one can find that it is free of closed timelike curves and then causality is satisfied outside of the event horizon [10] .
Let us now study the strong gravitational lensing by a rotating non-Kerr compact object. For simplicity, we here just consider that both the observer and the source lie in the equatorial plane in the rotating non-Kerr black hole spacetime (1) and the whole trajectory of the photon is limited on the same plane. With this condition θ = π/2, we obtain the reduced metric in the form
where we adopt to a new radial coordinate x = r/2M and then the metric coefficients become
The null geodesics for the metric (5) has the form
5 where λ is an affine parameter along the geodesics and J is the angular momentum of the photon. In the background of a rotating non-Kerr compact object (1), one can obtain the relation between the impact parameter u(x 0 ) and the distance of the closest approach of the light ray x 0 by the conservation of the angular momentum of the scattering process
Moreover, the deflection angle of the light becomes unboundedly large as the closest distance of approach x 0 tends to the marginally stable orbit radius x ps of the photon. In a stationary, axially-symmetric metric, the equation of circular photon orbits reads
The biggest real root external to the horizon of this equation defines the marginally stable circular radius of photon x ps = r ps /2M . For a rotating non-Kerr metric (1), the equation of circular photon orbits takes the form 128x
Obviously, this equation depends on both the deformed parameter ǫ and the rotation parameter a of the compact object. The presence of the deformed parameter ǫ makes the equation more complex so that it is impossible to get an analytical form for the marginally circular photon orbit radius in this case. In Fig.(1) , we present the variety of the marginally circular photon orbit radius x ps with the deformed parameter ǫ and the rotation parameter a by solving Eq. (15) numerically. It is shown that the marginally circular photon orbit radius x ps decreases with the rotation parameter a and the deformed parameter ǫ. This implies the variety of the marginally circular photon orbit radius x ps with the rotation parameter a which is similar to that in the Kerr black hole spacetime. Moreover, we also find that the marginally circular photon orbit radius x ps always exists for the case where the black hole is more oblate than a Kerr black hole (i.e., ǫ < 0) or the case in which the black hole rotates in the converse direction as the photon (i.e., a < 0). When the black hole is prolate (ǫ > 0) and it rotates in the same direction as the photon (a > 0), the marginally circular photon orbit exists only in the regime ǫ < ǫ max for fixed a. The value of ǫ max is defined by the condition that the marginally circular photon orbit is overlapped with the event horizon (i.e., x ps = x H ). In Table ( I), we present the largest value of the deformed parameter ǫ max still holding up the marginally circular photon orbit for fixed a, which
shows that it decreases with the parameter a. When ǫ > ǫ max , both the marginally circular photon orbit and This information implies that the gravitational lensing by a rotating non-Kerr compact object possesses some new special features, which could provide a possibility to test the no-hair theorem in the strong field regime in the near future.
The deflection angle for the photon coming from infinite in a stationary, axially-symmetric spacetime, described by the metric (5) obeys [38] α(
where I(x 0 ) is given by
It is obvious that the deflection angle increases when parameter x 0 decreases. For a certain value of x 0 the deflection angle becomes 2π, so that the light ray makes a complete loop around the lens before reaching the observer. If x 0 is equal to the radius of the marginally circular photon orbit x ps , one can find that the deflection angle becomes unboundedly large and the photon is captured on a circular orbit. Let us now discuss the behavior of the deflection angle for the lens described by a rotating non-Kerr metric (1). From Figs. (2)-(4), one can find that lim x0→∞ α(x 0 ) = 0 for all values of ǫ and the angular momentum a, which is the same as that in the Kerr case. When there exists a marginally circular photon orbit for the compact object, we find that the deflection angle has similar qualitative behavior for the different deformed parameter ǫ and it strictly increases with the decreases of the impact parameter and becomes unboundedly large as the closest distance of approach x 0 tends to the respective marginally circular orbit radius x ps , i.e., lim x0→xps α(x 0 ) = ∞ for a < 0 and a > 0, ǫ < ǫ max . When there does not exist a marginally circular photon orbit and the singularity is naked, we find that the deflection angle of the light ray closing to the singularity tends to a certain positive finite value α s , i.e., lim x0→0 α(x 0 ) = α s for a > 0, ǫ > ǫ max . This is not surprising, because in this case the event horizon has disappeared so that the photon could not be captured by the rotating non-Kerr compact object. Moreover, the similar behavior of the deflection angle was also obtained in the Janis-Newman-Winicour spacetime with the naked singularity [22, 26] . The unique difference is that the finite deflection angle is positive in the rotating non-Kerr spacetime (1) and is negative in the Janis-Newman-Winicour spacetime [22, 26] , which could be explained by the fact that the difference in the spacetime structures between the rotating non-Kerr spacetime and the Janis-Newman-Winicour spacetime leads to the different properties of the naked singularities. This implies that the gravitational lensing could provide a possible way to distinguish the singularities in various spacetimes. The change of α s with the deformed parameter ǫ and the angular momentum a is shown in Fig. (5) , which tells us that it decreases monotonically with a and first decreases and then increases with the deformed parameter ǫ. Moreover, we also note that for the larger deformed parameter ǫ and angular momentum a there exists a minimum for the deflection angle, which depends on the parameters ǫ and a.
III. STRONG GRAVITATIONAL LENSING IN THE ROTATING NON-KERR SPACETIME
In this section we will study the gravitational lensing by the rotating non-Kerr compact object with the marginally circular photon orbit and then probe the effects of the deformed parameter ǫ on the coefficients and the lensing observables in the strong field limit.
In order to find the behavior of the deflection angle very close to the marginally circular photon orbit, we adopt the evaluation method for the integral (17) proposed by Bozza [23] . The divergent integral (17) 
and rewrite Eq. (17) as
with R(z, x 0 ) = 2x
Obviously, the function R(z, as z tends to zero, i.e., as the photon approaches the marginally circular photon orbit. Thus, the integral (19) is separated in two parts I D (x 0 ) and I R (x 0 )
Expanding the argument of the square root in f (z, x 0 ) to the second order in z, we have
Comparing Eq. (15) with Eq. (24), one can find that if x 0 approaches the radius of the marginally circular photon orbit x ps the coefficient p(x 0 ) vanishes and the leading term of the divergence in f 0 (z, x 0 ) is z −1 , which implies that the integral (19) diverges logarithmically. The coefficient q(x 0 ) takes the form
Therefore, the deflection angle in the strong field region can be approximated very well as [23] α
The quantity D OL is the distance between the observer and the gravitational lens. Making use of Eqs. (26) and (27), we can study the properties of strong gravitational lensing in the rotating non-Kerr spacetime (1).
In Fig.(6) , we plotted numerically the changes of the coefficients (ā andb ) with the deformed parameter ǫ for different a. It is shown that the coefficients (ā andb ) in the strong field limit are functions of the rotation parameter a and the deformed parameter ǫ. For the retrograde photon (i.e., a < 0), the coefficientā first increases up to its maximum with ǫ, and then decreases down to its minimum with the further increase of ǫ, after that it increases with ǫ. The variety ofb with ǫ is converse to the variety ofā with ǫ in this case. When 0 ≤ a ≤ 0.5,ā increases monotonically with ǫ and the behavior ofb is similar to that in the cases a < 0. Both coefficientsā andb diverge as the deformed parameter ǫ tends to the upper limit ǫ max which still holds up a the marginally circular photon orbit. When a > 0.5, coefficientsā andb grow with the increase of ǫ. As in the vicinity of the upper limit ǫ maxā vanishes andb tends to a certain positive finite value, which depends on the parameters a and ǫ. The divergence of the coefficients of the expansion implies that the deflection angle in the strong deflection limit (26) is not valid in the regime ǫ > ǫ max . Moreover, we also note that as the black hole is more oblate, the dependence of the coefficientsā andb on the rotation parameter a is entirely different from those in the usual Kerr black hole. With the increase of a, the coefficientā increases as the black hole is prolate (i.e., ǫ > 0) and decreases as the black hole is more oblate. From Fig.(6) , one can find that the variety ofb with a is converse to the variety ofā with a. From the above discussion, we know that the change of the coefficientsā andb become more complicated in the rotating non-Kerr spacetime (1) . The main reason is that in this spacetime the presence of the deformation parameter ǫ leads to some complicated coupling among the parameters a, ǫ and the polar coordinate x, such as, aǫ, a 2 ǫ, x −3 ǫ, x 2 ǫ and a 2 xǫ. The effects of these coupling on the coefficientsā andb are determined not only by the values of the parameters a and ǫ, but also by the signs of a and ǫ. In other words, the dominated coupling terms in the coefficients a andb are different at different regions of values for the parameters a and ǫ, which yields thatā andb are not the monotonic functions of a and ǫ. The positions of the local minimum and maximum inā andb are determined by the total effects of these coupling terms and the forms ofā andb themselves. Furthermore, we plotted in Fig. (7) the change of the deflection angles evaluated at u = u ps + 0.003 with ǫ for different a as in the regime ǫ < ǫ max . It is shown that in the strong field limit the deflection angles have similar properties of the coefficientā. This means that the deflection angles of the light rays are dominated by the logarithmic term in this case.
Let us now study the effect of the deformed parameter ǫ on the observational gravitational lensing parameters in the strong field limit. When the source and observer are far enough from the lens, the lens equation can be approximated well as [24] 
where D LS is the lens-source distance and D OL is the observer-lens distance. γ is the angle between the direction of the source and the optical axis. θ = u/D OL is the angular separation between the lens and the image. Following Ref. [24] , we here consider only the case in which the source, lens and observer are highly aligned. In this limit, one can find that the angular separation between the lens and the n-th relativistic image is
The quantity θ 0 n is the image position corresponding to α = 2nπ, and n is an integer. According to the past oriented light ray which starts from the observer and finishes at the source the resulting images stand on the eastern side of the black hole for direct photons (a > 0) and are described by positive γ. Retrograde photons (a < 0) have images on the western side of the black hole and are described by negative values of γ.
In the limit n → ∞, one can find that e n → 0, which means that the relation between the minimum impact parameter u ps and the asymptotic position of a set of images θ ∞ can be simplified further as
In order to obtain the coefficientsā andb, one needs to separate at least the outermost image from all the others. As in Refs. [23, 24] , we consider here the simplest case in which only the outermost image θ 1 is resolved as a single image and all the remaining ones are packed together at θ ∞ . Thus the angular separation s between the first image and the other ones and the ratio of the flux from the first image and those from all other images R can be expressed as [23, 24, 26] 
Through measuring s, θ ∞ and R, we can obtain the strong deflection limit coefficientsā andb and the minimum impact parameter u ps . Comparing their values with those predicted by theoretical models, we can obtain information about the parameters of the lens object stored in them.
The mass of the central object of our Galaxy was estimated recently to be 4.4 × 10 6 M ⊙ [39] and its distance is around 8.5kpc, so that the ratio of the mass to the distance M/D OL ≈ 2.4734 × 10 −11 . Making use of Eqs.
(27), (31) and (32) we can estimate the values of the coefficients and observables for gravitational lensing in the strong field limit. The numerical value for the angular position of the relativistic images θ ∞ , the angular separation s and the relative magnitudes r m (which is related to R by r m = 2.5 log R) are plotted in Figs. (8), (9) and (10) . In generally, the angular position of the relativistic images θ ∞ decreases with the parameters ǫ and a. While in the vicinity ǫ = 0, it increases with the rotation parameter a as a > 0.5. For the retrograde photon (i.e., a < 0), the angular separation s between θ 1 and θ ∞ first increases up to its maximum with ǫ, and then decreases down to its minimum with the further increase of ǫ, after that it increases with ǫ. For the prograde photon (i.e., a > 0), s increases with ǫ, but near the region ǫ ∼ 0 it decreases with ǫ and finally tends to zero as a > 0.5. The change of r m with the parameters ǫ and a is converse to that of the coefficient a. Comparing with those in the Kerr background, one find that the behavior of these observable become more complicated since these observable are the functions of the coefficientsā andb, which are related to the parameters a and ǫ with some complex forms. The intrinsic reason is that the presence of ǫ changes the structure of spacetime and makes the motion of the photon more complicated.
IV. SUMMARY
In this paper we have investigated the features of gravitational lensing in a four-dimensional rotating nonKerr spacetime proposed recently by Johannsen and Psaltis [10] to test the no-hair theorem. Our results
show that the deformed parameter ǫ and the rotation parameter a imprint in the marginally circular photon orbit, the deflection angle, the coefficients in strong field lensing and the observational gravitational lensing variables. We find that the marginally circular photon orbit radius x ps always exists for the cases ǫ < 0 or a < 0. But for the case ǫ > 0 and a > 0, it exists only in the regime ǫ ≤ ǫ max for fixed a. The upper limit ǫ max is defined by the critical condition that the marginally circular photon orbit is overlapped with the event horizon. As ǫ > ǫ max , both the marginally circular photon orbit and the event horizon vanish and then the singularity is naked. The deflection angle of the light ray very close to the naked singularity is a positive finite value, which is different from those in the usual Kerr black hole spacetime and in the rotating naked singularity described by the Janis-Newman-Winicour metric. For all values of a, the relativistic images are closer to the optical axis for a larger deformed parameter ǫ. When a < 0, the separability s first increases up to its maximum with ǫ, and then decreases down to its minimum with the further increase of ǫ, after that it increases with ǫ. When a > 0, s increases with ǫ, but near the region ǫ ∼ 0 it decreases with ǫ and finally tends to zero as a > 0.5. The change of r m with the parameters ǫ and a is converse to that of the coefficient a. Moreover, we also note that as the black hole is more oblate, the dependence of the coefficientsā,b and the separability s on the rotation parameter a is entirely different from those in the usual Kerr black hole.
These significant features, at least in principle, may provide a possibility to test the no-hair theorem in future astronomical observations. 
